Deep observation of the High Energy Stereoscopic System (HESS) on the pulsar wind nebula HESS J1825-137 reveals an enhanced energy-dependent morphology, providing useful information on the particle transport mechanism in the nebula. We perform a comprehensive study on the energy-dependent radial extent of the nebula including the influence of various model parameters. We show that the energy-dependent morphology favors a diffusion-dominated transport rather than an advection-dominated transport, which is contrary to the conclusion in the previous literature. Such a discrepancy is due to that the extent of the nebula was considered as the distance that electrons/positrons can travel before cooling down in the previous literature, which does not accord with the measured extent which is defined as the radial distance from the pulsar where the intensity of the nebula drops to 1/e of the peak value.
INTRODUCTION
Pulsar wind nebulae (PWNe) constitute one of the largest source population at very high energies (VHE, > 0.1 TeV). A PWN is powered by the associated pulsar through converting its spin-down energy to the nonthermal energy of electron/positron pairs (e.g. Gaensler & Slane 2006) , somewhere around the strong termination shock (e.g. Kennel & Coroniti 1984; Lyubarsky 2003; Amato & Arons 2006; Kirk et al. 2009; Sironi & Spitkovsky 2011) formed by the interaction between the ultrarelativistic pulsar wind and the surrounding medium. The VHE emission is believed to arise from TeV electrons (for simplicity, we do not distinguish positrons from electrons hereafter) by inverse Compton (IC) scattering on background photon field such as cosmic microwave background (CMB) and interstellar radiation field (e.g. Slane 2017 ). Due to the proximity and the extended nature, many PWNe can be spatially resolved and hence serve as natural laboratories for studying some fundamental processes such as acceleration and transport of ultrarelativistic particles and so on, and finally may provide a clue to the origin of high-energy cosmic rays.
Among numerous observed PWNe, HESS J1825-137 is one of the most luminous and extended PWN. It is associated with an energetic pulsar PSR J1826-1334 (also known as PSR B1823-13) which approximately locates at 4 kpc away from Earth according to the dispersion measure of the pulsar (Taylor et al. 1993; Manchester et al. 2005) . Given the rotation period P = 101.3 ms and the period derivativeṖ = 7.5 × 10 −14 (Clifton et al. 1992) , the spindown luminosity of PSR J1826-1334 at the present time is found to be L s = 2.83 × 10 36 erg/s with a characteristic age of τ c ≡ P/2Ṗ = 21.4 kyr. The High Energy Stereoscopic System (HESS) has revealed diffuse VHE emission around the pulsar (Aharonian et al. 2006 ) extending out to ∼ 1.5
• towards the south of PSR J1826-1334, while the emission steeply decreases towards to the north of the pulsar. Such a north-south asymmetry was also observed in X-ray band (Pavlov et al. 2008; Uchiyama et al. 2009 ) and was attributed to the crushing effect of an asymmetric reverse shock arising from the supernova shell (Aharonian et al. 2006) .
Despite of the asymmetric morphology, the southern side of the nebula shows interesting energy-dependent morphology, particularly revealed by the latest observation of HESS (H. E. S. S. Collaboration et al. 2019) . The extent of the nebula decreases with increasing energy, implying that electrons are gradually cooled as they are transported away from the pulsar. The radial profile of the nebula emission at different energy is extracted from a semi-circular region for the southern half of the nebula, and is used to determine the radial extent of the nebula which is defined as the radius from the pulsar at which the flux drops to 1/e of the peak value (H. E. S. S. Collaboration et al. 2019) . The authors also suggested that the measured energydependent extent of the nebula is compatible with an advection-dominated particle transport within the nebula and disfavors a pure diffusion transport.
We notice that the conclusion of H. E. S. S. Collaboration et al. (2019) is reached by presuming that the nebula extent is determined by cooling of electrons. However, the extent obtained in this way actually does not accord with the definition of the measured extent. We therefore perform a comprehensive study on the particle transport within the southern side of HESS J1825-137 in both the pure diffusion scenario and the pure advection scenario. Radial extent of the nebula at different energies will be calculated following the same definition of the measured one. If jumping to the conclusion of this paper, we find that, on the contrary, a pure diffusion transport of electrons can actually give a good fitting to the energy-dependent extent with reasonable model parameters for this PWN, while a pure advection scenario is disfavored.
The rest of the paper is organized as follows: in Section 2, we introduce the basic setup for the injection of electrons. We study the particle transport and the predicted radial profiles of the nebula in the pure diffusion scenario and in the pure advection scenario in Section 3 and Section 4, respectively. In Section 5, we discuss the reason why our result is different from that in the previous literature, and make conclusions of this work.
BASIC SETUP FOR THE ELECTRON INJECTION
Let us start with a brief review of the spin-down behavior of a pulsar, as it determines the injection history of energetic electrons into the PWN.
The rotational energy of a pulsar is given by
with I being the pulsar's moment of inertia and Ω ≡ 2π/P being its angular velocity. It is generally assumed that Ω evolves temporally asΩ = −AΩ n where A = (Ṗ /P )(P/2π) n−1 is a constant and n is the braking index which is generally 1 n 3 for some pulsars with reliable measurement on pulsar's spin down (Magalhaes et al. 2012; Hamil et al. 2015) . Without influence of glitches, the age of the pulsar can then be given by
where P 0 is the initial rotation period of the pulsar. The spin-down luminosity, which is defined as the rate of the rotational energy being dissipated, can be described by
where τ 0 ≡ P 0 /(n−1)Ṗ 0 = 2τ c /(n−1)−t age is the initial spin-down timescale of the pulsar. The total released spin-down energy up to date is
independent of the braking index once the initial period of the pulsar is provided. A fraction of the spin-down energy η e can be converted to the energy of electron via the termination shock. We then assume that electrons are injected at rate of
e , E e,min ≤ E e ≤ E e,max (5) with fixing the minimum energy E e,min and the maximum energy E e,max to be 100 GeV and 1 PeV respectively. p is the spectral index. The normalization factor Q 0 (t) can be found by E e Q inj (E e , t)dE e = η e L s,t (t).
The braking index n is very important to the temporal behavior of electron injection. We show the pulsar's age, initial spin-down timescale and total spin-down energy released up to date as a function the braking index in Fig. 1 . Figure 1 . Age of the pulsar PSR J1826-1334 tage (the solid curve), its initial spin-down timescale τ0 (the dashed curve) and the total released spin-down energy Ws (the dotted curve) as a function of the braking index n. The initial rotation period is assumed to be P0 = 30 ms here. Note that τ0 is defined for n = 1 so its value is normalized at n = 1.05 while other two quantities are normalized at n = 1.
PURE DIFFUSION SCENARIO
The injected electrons will be transported away from the pulsar. In this section, we look into the scenario that particle transport is dominated by diffusion. Since we focus on the southern part of the nebula, we only consider particle diffusion in a semi-spherical region with employing isotropic diffusion. The diffusion coefficient is assumed in the form of D(E e ) = D 0 (E e /1TeV) δ , where D 0 and δ are treated as free parameters. Figure 2 . Cooling timescale of electrons as function of electron energy. The red and blue solid curve shows the cooling timescale due to synchrotron radiation and IC radiation respectively, while the black solid curve represents the cooling timescale including both processes. We also present the IC cooling timesales due to individual background radiation photon field separately, with the blue dotted curve (for CMB), the blue dashed curve (for FIR), the blue dot-dashed curve (for NIR), and the blue dot-dot-dot-dahsed curve (for VIS).
The present-day (t = t age ) differential electron density at a radius of r away from the pulsar can be calculated by
Here, E ′ e represents the energy of an electron at a time t ′ , while the electron was injected at time t and its present-day energy is E e . E g is the energy of the electron at generation (or injection). Given the present-day energy E e and the generation time t, we can find E g and subsequently dE g /dE e by tracing the energy evolution of the electron due to synchrotron radiation and IC radiation, via the equation
3/2
(7) where σ T is the Thomson cross section, m e is the electron mass and c is the speed of light.
is the magnetic field energy density and U ph is the radiation field energy density. ǫ 0 = 2.82kT is the typical photon energy of the radiation field given a blackbody or a greybody radiation field with a temperature T and k is the Boltzmann constant (Moderski et al. 2005) . Following H. E. S. S. Collaboration et al. (2019) we assume B = 5µG, and four blackbody/greybody components for the radiation field in the location of HESS J1825-137: the CMB radiation field (T = 2.73 K and U = 0.25 eVcm −3 ); a far-infrared radiation field (T = 40 K and U = 1 eVcm −3 ); a near-infrared radiation field (T = 500 K, U = 0.4 eVcm −3 ); a visible light radiation field (VIS, T = 2500 K, U = 1.9 eVcm −3 ). For convenience of later discussion, we show the electron cooling timescale as a function of energy under this setup in Fig. 2 .
After obtaining the distribution of electrons, we calculate their IC radiation and integrate the radiation over line of sight for different viewing angle from the pulsar, following the method detailed in Liu et al. (2019a) . We then can find the radii (i.e., r 1/e ) where the gamma-ray intensity drops to 1/e of the peak value for each energy. In Fig. 3 , we show an acceptable fitting to the spectral energy distribution (SED) in gamma-ray band and the energy-dependent extent of the PWN with reasonable parameters (as marked in the figure) in the pure diffusion scenario. Although this is not the best-fitting result as we do not optimize it by searching the entire parameter space, it is sufficient to show the feasibility of explaining the energy-dependent morphology of the southern PWN in VHE energy by a simple diffusion model. We will use the result as a benchmark to discuss the influence of various parameters on the nebula extent or the morphology of the gamma-ray PWN.
Diffusion coefficient
The diffusion coefficient has direct impacts on the energy-dependent extension in terms of both D 0 and δ. From Eq. (6) we can know that r 1/e is proportional to √ D 0 at any energy. This is demonstrated in Fig. 4 as we can see that for D 0 = 4 × 10 28 cm 2 s −1 (blue solid curve) the angular extent systematically increases about a factor of 1.4 compared to the benchmark case in which D 0 = 2 × 10 28 cm 2 s −1 , while for D 0 = 10 28 cm 2 s −1 (red solid curve) the angular extent decreases by the same factor. Since we normalize the diffusion coefficient at 1 TeV, δ influences the extension at low-and high-energy morphology in different way: a larger δ increases the extension at high energy and decreases the extension at low energy compared to the benchmark case while a smaller δ changes the extension in the opposite way, as shown with the green (δ = 0) and the orange (δ = 1/2) dashed curves in Fig. 4 . Note that the diffusion coefficient adopted in the benchmark case is about one order of magnitude smaller than the typical ISM diffusion coefficient, but this may not be unreasonable since the turbulent level of the background plasma in the PWN could be higher than that in the typical ISM, given the comparatively young age of puslar PSR J1826-1334.
Initial rotation period P 0
Since the current rotation period P of the pulsar and its time derivativeṖ are measured, P 0 will influence the age of the pulsar and the initial spin-down luminosity if the braking index is further presumed. A smaller P 0 will increase t age and L s,0 , and vice versa. The morphology at comparatively high energy is not sensitive to the change of P 0 since high-energy electrons injected at early time has already cooled. Even if a huge amount of high-energy electrons is injected at early time, they cannot survive to the present day. On the contrary, low-energy electrons diffuse more slowly and cool less efficiently than high-energy electrons. A longer injection history of the pulsar facilitates the transport of low-energy electrons to farther distance from the pulsar within the age of the system and makes the nebula more extended at comparatively low energy. Such an effect can be seen in Fig. 5 . Regarding the influence on the gamma-ray spectrum, a smaller P 0 will also lead to a softer spectrum since it will increase the amount of low-energy (e.g., <TeV) electrons at the present day.
braking index
The braking index n determines the injection profile of electrons and its influence on the energy-dependent morphology is complex. For a large braking index, e.g., n = 3, the age of the pulsar t age is much longer than the initial spin-down timescale τ 0 (see Fig. 1 ). The spindown luminosity in this case decreases as t −2 except at very early time (Eq. 3). For smaller braking index, the spin-down luminosity decreases faster with time for t > τ 0 . However, τ 0 will become comparable or even larger than the age of the pulsar. As a result, the temporal evolution of the spin-down luminosity from the birth of the pulsar to the present day is flatter for a smaller n. Note that radiation at smaller (larger) radius mainly arises from electrons injected at later (earlier) time, so a smaller n results in a steeper decrease of the electron density profile and hence leads to a less extended morphology and vice versa. Such a tendency can be seen from Fig. 6 except at the low-energy end and the highenergy end. At the low-energy end, the extent of the PWN is mainly determined by the age of the system, so it is larger for a smaller n. At the high-energy end, the cooling timescale of electrons is very short (within a few thousand years) so the radiating electrons are only recently injected. The morphology are not sensitive to the long-term temporal behavior of the spin-down luminosity and hence the curves for all three values of n converge at high-energy end.
Spectral index
We have assumed a single power-law of index p for the injection spectrum (Eq. 5). The SED shows a peak around ∼ 100 GeV which is naturally formed due to cooling of electrons and superposition of electrons injected at different time, without invoking a broken power-law function for the injection spectrum. The peak in the SED roughly corresponds to the transition in the slope of the present-day electron spectrum from < −3 to > −3, so the injection spectral index p can influence the energy of the peak. We show the present-day electron spectrum with the decomposition of contributions from different time in Fig. 7 for different p. From the figure, we can also infer that the peak in the gamma-ray SED will appear at larger energy and become sharper for a harder injection spectrum (or smaller p), and vice versa. Due to cooling, electrons at the present time were injected with higher energies, even for those low-energy electrons. The present-day electrons of energy E e at larger radius r are supposed to have higher energy at injection since they were injected at earlier time and the cooling that they have suffered is severer. Thus, for a harder injection spectrum, the amount of electrons at large radius is higher than that for a softer injection spectrum, and subsequently the decline of the present-day electron density along r will be shallower. We therefore anticipate that the nebula extent will be larger (smaller) for a smaller (larger) p, as is shown in Fig. 8 .
PURE ADVECTION SCENARIO
In this section, we consider that accelerated electron are well confined in the downstream pulsar wind flow of the termination shock and expand with the bulk flow radially.
Constraints on the velocity profile of the bulk particle flow
In this case, electron injected at a certain time t after the initial injection will be advected to a radius r from the pulsar at the present day, with the relation being
where v(r) is the velocity profile of the bulk particle flow which is usually parameterized as with v 0 and r 0 being the initial velocity and the initial radius. We assume that such a velocity profile starts at the termination shock with r 0 = 0.03 − 0.1 pc estimated from the high-resolution X-ray image of this PWN (Pavlov et al. 2008; Van Etten & Romani 2011) . The unshocked pulsar wind at the upstream of the termination shock is ultrarelativistic, and the downstream velocity immediately after the shock is v 0 = c/3 according to the Rankine-Hugoniot condition in the limit of strong shock with low magnetization (Kennel & Coroniti 1984) , where the low magnetization of the pulsar wind termination shock is inferred from modelling the emissions of the Crab nebula and other nebulae (e.g. Rees & Gunn 1974; Kennel & Coroniti 1984; Porth et al. 2016) . β is a constant describing the radial dependency of the flow velocity and its value is expected to be between 0 and 2. From the above relation, we can find
The maximum radius that a particle can be advected to is then r max = r(t = 0). Since the gamma-ray nebula is found to extend out to r max ∼ 100 pc from the pulsar, electrons need to be advected to at least to this distance within the age of the pulsar. This condition poses a minimum pulsar age
Note that the age of the pulsar is related to the braking index n and initial rotation period. For the reasonable (or typical) values of these two parameters, i.e., n ≥ 1 and P 0 ≥ 1 ms, it turns out to require β 0.72. For larger P 0 and/or n, which leads to a smaller pulsar age t age , β needs to be smaller (i.e., a flatter velocity profile) 1 . Indeed, the post-shock flow can only advect electrons still to r max = 100 pc away within a shorter time only if the flow is less decelerated. This would imply a low density for the ambient medium (e.g. de Jager & Djannati-Ataï 2009) or a large amount of kinetic energy of the pulsar wind (Khangulyan et al. 2018 ). We will look into the implication of the required velocity profile for the resulting nebula extent in the rest part of this section.
Energy-dependent extent of PWN
Assuming the post-shock flow expands radially (i.e., the area through which the flow travels is ∝ r 2 ), the electron density distribution in pure advection scenario can be given by
with spherical symmetry. E g is the energy of electrons at injection and the relation between E g and E e can be found through Eq. (7). We neglect the adiabatic cooling of electrons here as did in H. E. S. S. Collaboration et al. (2019) for comparison, noting that including it would lead to a steeper decrease of electron density with r. Parameters r and t are not independent, and their relation follows Eq. (8). The electron density distribution is mainly determined by the velocity profile of the post-shock flow β and the injection history Q(t). Cooling also plays a role at high energy.
At small radius, electrons are injected recently at late time t t age . The injection rate does not change significantly at late time and hence can be approximated as constant. Also, the injected electrons have not cooled so we approximately have E g ≃ E e . It leads to a steep electron density profile at small radius as N (E e , r) ∝ (r/r 0 ) −(2−β) with β < 0.72 2 . The electron density profile is more complicated at large radius where electrons are injected long time ago. For highenergy emission (i.e., E γ TeV), the emitting electrons have cooled so the emission is dominated by electrons at small radius. Given the steep electron density profile, the corresponding high-energy nebula extent would be too small to account for the measured one. On the other hand, the emitting electrons for low-energy emission (i.e., E γ TeV) are not cooled within the age of the pulsar. If L s,0 is very large (i.e., very small initial rotation period such as P 0 = 1 ms and/or large braking index such as n = 3), the huge amount of electrons injected at t 0, which have been transported to a radius of r r max currently, produce a lot of radiation at the front of the post-shock flow. Consequently, the intensity profile of low-energy emission does not decrease significantly outwards after line-of-sight integration, but would rather show a limb brightening feature.
The above analysis can be understood more visually through Fig. 9 , where we show the electron density profile at 1 TeV and 100 TeV (upper panel) and gamma-ray intensity profile at 0.1 TeV and 10 TeV for various combinations of the velocity profile (β) and pulsar's spindown behavior (n, P 0 ). β is chosen as the largest value with which the post-shock flow can advect electrons out Figure 9 . Upper: Electron density profiles in the pure advection case. Solid curves show the profiles for 1 TeV electrons while dashed curves show the profiles for 100 TeV electrons. Lower: Gamma-ray intensity profile in the pure advection case. Solid curves show the profile for 0.1 TeV gamma rays while dashed curves show the profiles for 10 TeV gamma rays. The horizontal dotted line shows the level of 1/e of the peak intensity. In both two panels, we show results with three sets of parmaeters, n = 1, P0 = 1ms, β = 0.72 (black), n = 1, P0 = 30ms, β = 0.54 (red), and n = 3, P0 = 30ms, β = 0.41 (blue). The corresponding profiles in the benchmark case in the pure diffusion scnario are also presented for comparison (grey curves). All the profiles are scaled by their respective values at 0.03 pc. We fix v0 = 10 10 cm/s and r0 = 0.03 pc in this figure. to 100 pc away from the pulsar within the age of the system for the employed n and P 0 , noting that a smaller β will make the electron and gamma-ray radial profile become steeper. We also present the corresponding nebula extent as a function of energy in these cases in Fig. 10 . We can see that the result shown in the figure is consistent with our analysis: the extent for P 0 = 1 ms (the black curve) significantly exceeds the measured extent below 0.5 TeV due to the brightening at the front of the post-shock flow, while beyond 0.5 TeV the extent is very small as the electrons responsible for these high-energy The black, red, and blue curves represent the result with different n, P0 and β, as marked in the figure. β is chosen to be the largest values that allows the advection of electrons out to 100 pc within the pulsar's age, according to Eq. 11. We take v0 = 10 10 cm/s and r0 = 0.03 pc in this figure, and all the unlabeled parameters follow those in the benchmark case in the pure diffusion scenario (except the diffusion coefficient).
photons at the front of the post-shock flow have already cooled; for P 0 = 30 ms (red and blue curves), the extent is very small at low energy too, because the early injection rate of electrons in these cases is not sufficient to make a significantly brightening at the front of the postshock flow. Apparently, the expected energy-dependent morphology in the pure advection scenario is inconsistent with the observation .
DISCUSSION AND CONCLUSION
We have shown that the energy-dependent extent of PWN J1825-137 favors a pure diffusion transport of particles within the nebula and is inconsistent with a pure advection scenario, under a simple 1D treatment for particle transport. However, H. E. S. S. Collaboration et al. (2019) reach a contrary conclusion that advection rather than diffusion should play a dominant role in particle transport within the nebula, also based on the energy-dependent extent of the nebula and the simple 1D particle transport model. The discrepancy mainly arises from different ways of modelling the extent of the nebula. In this work, we firstly calculate the distribution of electrons and obtain the intensity profile by performing the line-of-sight integration of the radiation of the electrons at different radius, and finally find at which radius the intensity drops to 1/e of the peak intensity. The obtained extent in this way follows the same definition of the measured one. On the other hand, H. E. S. S. Collaboration et al. (2019) consider the radius r c that electrons can reach before cooling as the extent of the nebula. While the cooling of electrons indeed determines the general size of the nebula in a sense, r c is not necessarily equal to r 1/e and hence cannot be used to compare with the measured r 1/e . For example, 10 TeV electrons approximately dominate the 4 TeV gamma-ray intensity via IC scattering on the FIR photon field and the cooling timescale of 10 TeV electrons is t c = 27 kyr given the setup of the magnetic field and photon field in this work. We then can see the difference: In the pure diffusion scenario, we can see from Fig. 3 that the predicted nebula extent at 4 TeV is r 1/e = 0.5
• in the benchmark case which is consistent with the observation. However, if one estimates the extent from the cooling of electrons, a large value r c = √ 2Dt c ≃ 80 pc or 1.5
• at the nominal distance of 4 kpc will be obtained; In the pure advection scenario, the predicted r 1/e is at 4 TeV is much smaller than the measured r 1/e (see Fig. 10 ), while the extent estimated from cooling is ≃ 36 pc or 0.5
• , for β = 0.7 and r 0 = 0.03 pc, which matches the measured value but deviates the definition of r 1/e . This may explain the discrepancy between the conclusion of this work and that of (H. E. S. S. Collaboration et al. 2019) .
We note that the 1D particle transport model for this PWN is probably an oversimplification. The nebula shows a clear north-south asymmetry appearing as that the nebula emission largely extends towards the south while steeply decreases towards the north. Such a one-sided morphology is attributed to the asymmetric reverse shock interaction. Even so, however, a considerable fraction of particles can still diffuse to the northern side in the case of isotropic diffusion. Certain magnetic field structure inside the PWN is needed to guide the direction of particle diffusion, but then leading to anisotropic diffusion. Actually, anisotropic diffusion in combination with a proper viewing angle may result in an one-sided morphology without invoking the reverse shock interaction (Liu et al. 2019b , see also Giacinti et al. 2013 ). On the other hand, considering the reverse shock interaction and advection-dominated transport may help reproduce the one-sided asymmetric morphology but one has to consider a more complicated flow topology with at least 2D dependence instead of a 1D radial flow, or consider additional mechanisms, e.g., an interplay of diffusion and advection, since otherwise it will be inconsistent with the energy-dependent extent of the nebula as is shown in this work. In any case, a more sophisticated modelling is needed to understand the asymmetric and energy-dependent morphology of this nebula.
To briefly summarize, the main purpose of this work is to show the energy-dependent morphology of PWN HESS J1825-137 is consistent with a diffusion-dominated particle transport and disfavors an advection-dominated particle transport, in the framework of 1D transport of particle with spherical symmetry. The influence of various model parameters have also been studied in detail. An attempt will be made to understand the asymmetric and energy-dependent morphology, as well as the spatially resolved spectrum.
